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• You will have 3 hours to solve 6 problems, each of which carries 10 marks.
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• Use separate answer sheets for each question. On each sheet, write down the ques-
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• Problems are listed roughly in order of difficulty. Proofs are expected for all prob-
lems even if they only ask for an answer.

• One complete solution will be awarded more marks than several partial solutions.

• Do not take away the problems sheet or any rough work when leaving the venue.
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Time allowed: 3 hours Each problem carries 10 marks

Problem 1. Alice and Bob play a game on a sphere which is initially marked with a
finite number of points. Alice and Bob then take turns making moves, with Alice going
first:

• On Alice’s move, she counts the number of marked points on the sphere, n. She
then marks another n + 1 points on the sphere.

• On Bob’s move, he chooses one hemisphere and removes all marked points on that
hemisphere, including any marked points on the boundary of the hemisphere.

Can Bob always guarantee that after a finite number of moves, the sphere contains no
marked points?

(A hemisphere is the region on a sphere that lies completely on one side of any plane
passing through the centre of the sphere.)

Problem 2. Find integers a and b such that
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Problem 3. Consider a grid of points where each point is coloured either white or
black, such that no two rows have the same sequence of colours and no two columns have
the same sequence of colours. Let a table denote four points on the grid that form the
vertices of a rectangle with sides parallel to those of the grid. A table is called balanced
if one diagonal pair of points are coloured white and the other diagonal pair black.

Determine all possible values of k ≥ 2 for which there exists a colouring of a k× 2019
grid with no balanced tables.

Problem 4. Let n be a non-negative integer. Define the decimal digit product D(n)
inductively as follows:

• If n has a single decimal digit, then let D(n) = n.

• Otherwise let D(n) = D(m), where m is the product of the decimal digits of n.

Let Pk(1) be the probability that D(i) = 1 where i is chosen uniformly randomly from
the set of integers between 1 and k (inclusive) whose decimal digit products are not 0.
Compute lim

k→∞
Pk(1).

Problem 5. A particle moves from the point P to the point Q in the Cartesian plane.
When it passes through any point (x, y), the particle has an instantaneous speed of√

x2 + y2. Compute the minimum time required for the particle to move:

(i) from P1 = (−1, 0) to Q1 = (1, 0), and

(ii) from P2 = (0, 1) to Q2 = (1, 1).

Problem 6. Let ε < 1
2

be a positive real number and let Uε denote the set of real
numbers that differ from their nearest integer by at most ε. Prove that there exists a
positive integer m such that for any real number x, the sets {x, 2x, 3x, . . . ,mx} and Uε

have at least one element in common.


